ABSTRACT. We provide families of affine threefolds which are contractible in the unstable A 1 -homotopy category of Morel-Voevodsky and pairwise non-isomorphic, thus answering Conjecture 1.4 in [AD07] . As a particular case, we show that the Koras-Russell threefolds of the first kind are contractible, extending results of [HKØ15] .
INTRODUCTION
Let k be a field and let X be a smooth affine scheme of dimension d over k. The Zariski cancellation problem asks if the existence of an isomorphism X × A m z = y r +t s +x where m ≥ 2 and r, s ≥ 2 are coprime integers. For more details on these threefolds, we refer to the nice introduction of [HKØ15] . All these threefolds admit algebraic actions of the additive group G a,k and they were originally proven to be not isomorphic to the affine space A 3 k by means of invariants associated to those actions [KML97] . But one might expect that they are stably isomorphic to A [MV99] ) and it follows that the contractibility of X is an obstruction to the existence of an isomorphism as above.
In a recent paper, Hoyois, Krishna and Østvaer proved that the Koras-Russell threefolds are stably contractible, i.e. that there exists n ≥ 0 such that (P 1 ) ∧n ∧ X(m, r, s) is contractible. Basically, that means that these threefolds have no non-trivial cohomology for any cohomology theory which is representable in the stable category of P 1 -spectra. Let us note however that examples of non isomorphic spaces in H(k) that become isomorphic after a single smash product with P 1 are abundant in nature. We refer the interested reader to [AM11, Proposition 5.22] While the methods in [HKØ15] are quite sophisticated, such general techniques are not available in H(k) and our argument is more elementary. Yet, our proof requires a non trivial geometric construction which proves, together with an application of the Brouwer degree in motivic homotopy theory as developed in [Mor12, Theorem 6 .40, Corollary 6.43], that L = {x = y = z = 0} is an affine line A 1 in X(m, r, s) such that X(m, r, s) \ L is weak-equivalent to A polynomial such that q(0) ∈ k × , and consider the closed subvariety X(m, r, s, q) defined by the equation x m z = y r + t s + q(x)x.
Theorem 2. For every fixed m ≥ 2, r, s ≥ 2 with gcd(r, s) = 1, the following holds:
a) The varieties X(m, r, s, q 1 ) and X(m, r, s, q 2 ) are k-isomorphic if and only if there exists λ, ε ∈ k * such that
In particular, we see that the varieties X(m, r, s, q) and X(m, r, s, q(0)) ∼ = X(m, r, s) are stably isomorphic and hence isomorphic in H(k). In view of Theorem 1, it follows that the varieties X(m, r, s, q) are all contractible. Consequently, we obtain moduli of arbitrary positive dimension of pairwise non isomorphic, A 1 -stably isomorphic, A 1 -contractible smooth affine threefolds. Let us try to put the above result into context. Inspired from the topological situation (see the beautiful introduction of [AD07] for a survey), Asok and Doran asked a series of interesting questions on A 1 -contractible varieties. The first one asks if every smooth A 1 -contractible variety can be constructed as the quotient of an affine space by the free action of a unipotent group ([AD07, Question 1.1]). While there are many examples of A 1 -contractible varieties constructed in this manner, the answer to this question is now known to be negative in general ([ADF14, Theorem 3.1.1, Corollary 3.2.2]). The next question of interest is the abundance of "exotic" A 1 -contractible varieties, i.e. A 1 -contractible varieties that are not isomorphic to an affine space, especially affine ones. In [AD07, Theorem 5.3], the authors show that for any n ≥ 0 there exists a connected k-scheme S of dimension n and a smooth morphism f : Z → S of arbitrary relative dimension m ≥ 6 such that the fibers over rational points are pairwise non-isomorphic, quasi-affine and A 1 -contractible. More generally, they were able to prove that there are infinitely many isomorphism classes of A 1 -contractible quasi-affine varieties of dimension m ≥ 4 ([AD07, Theorem 5.1]). Together with the fact that there are no exotic A 1 -contractible surfaces, the picture was pretty much complete leaving only the case of threefolds open. Corollary 3 above fills this gap and answers in particular Conjecture 1.4 in [AD07] .
The organization of the paper is as follows. In Section 1, we give a very quick introduction to the (unstable) A 1 -homotopy category H(k) of Morel and Voevodsky focusing only on the features necessary to understand this paper. In Section 2, we give the proofs of our theorems modulo some technical results that are deferred to Section 3. The point in separating the core of the arguments and the technicalities is to make the structure more transparent, and we hope we have succeeded in that task, at least to some extent.
To conclude, let us mention that there is a second family of Koras-Russell threefolds X, defined by equations of the form (
k , where d ≥ 1, and m, r, s ≥ 2 are integers such that m and rs are coprime [KR97] . We expect that the results of this paper will also hold for this family: in particular, these threefolds also contain a special affine line L = {x = y = t = 0}, but we don't know at the moment whether X \ L is weakly equivalent to A 2 \ {0}.
Conventions.
We work over a base field k of characteristic 0. The schemes are essentially of finite type over Spec k and separated.
1. PRELIMINARIES 1.1. A user's guide to the A 1 -homotopy category. The rough idea of the construction is to enlarge the category of smooth (separated and finite type) k-schemes Sm k in order to be able to perform quotients in general, add some simplicial information in order to be able to do homotopy theory and then artificially invert all the morphisms X × A 1 → X. We refer to [MV99] for more information and only sketch the necessary steps. If X is a smooth scheme, then it can be considered as a sheaf of sets X : Sm k → Sets in any reasonable Grotendieck topology. For reasons explained in [MV99] , the convenient topology to consider is the Nisnevich topology. Recall that covers {u α : X α → X} for this topology are collections of étale maps such that for every (possibly non-closed) point x ∈ X, there exists α and a point y ∈ X α such that u α (y) = x and the induced map of residue fields k(x) → k(y) is an isomorphism. Now, any set can be seen as a (constant) simplicial set, and it follows that X can be seen as a sheaf of simplicial sets X : Sm k → SSets. On the other hand, any simplicial set can be seen as a constant sheaf of simplicial sets and it follows that both schemes and simplicial sets can be seen as objects of the category Spc k of simplicial (Nisnevich) sheaves on Sm k . The objects of Spc k are called spaces. In particular, Spec k is a space, and a pointed space is an object X of Spc k together with a morphism x : Spec k → X that we often denote by (X , x) or even X if the base point is obvious.
Any space X has stalks at the points of the Nisnevich topology, and a (pointed) morphism of spaces f : X → Y is said to be a weak-equivalence if it induces a weak-equivalence of simplicial sets on stalks. One can put a model structure on Spc k that allow to invert weak-equivalences in a good way, and the corresponding homotopy category is the simplicial homotopy category of smooth schemes. Further inverting the morphisms X × A 1 → X , one gets the A 1 -homotopy category of schemes H(k) and its pointed version H • (k). For simplicity, we often omit the base point in the notation. One of the principal feature of H • (k) is that it is a pointed model category. As such, there is a notion of cofiber sequence which can be seen as a machine to produce long exact sequences of pointed sets and groups. Another important feature is that the projection morphisms X × A 1 → X are isomorphisms in H(k), and more generally that the projection of an affine bundle Y → X to its base is an isomorphism. This is in particular the case for torsors under vector bundles.
Finally, let us recall that a space is called contractible if the natural morphism X → Spec k is an isomorphism in H(k).
PROOFS
2.1. Proof of Theorem 1. Let then X(m, r, s) = {x m z = y r + t s + x} be as in the introduction, and write X = X(m, r, s) for simplicity. Every such X contains a hypersurface P = {z = 0} ⊂ X isomorphic to
, and it is therefore enough to show that the inclusion P ֒→ X is a weak-equivalence. On the other hand, we observe that X contains a line L = {x = y = t = 0} ∼ = Spec(k[z]) ∼ = A 1 intersecting P transversally at the unique point (0, 0, 0, 0), for which we have a pull-back square
and an associated commutative diagram of cofiber sequences
Applying a variant of the five lemma described in Section 3.2 below, we are reduced to prove that i :
are both weak-equivalences. This is
done in two steps: we first construct in subsection 3.1 below an explicit weak-equivalence X \ L ≃ A 2 \ {0}. Together with the fact that the normal cone to L in X is generated by the global sections y and t, this implies in particular that (
∧2 is a weak-equivalence. Then it is enough to show that the composition
is also weak-equivalence, which is done by explicit computation in subsection 3.4 below.
Proof of Theorem 2.
Let us now consider X(m, r, s, q) as in the introduction. Recall that these varieties are defined by equations of the form
where m ≥ 2, r, s ≥ 1 are relatively prime and q ∈ k[x] is a polynomial such that q(0) ∈ k * . Note that if either r or s is equal to 1 then X(m, r, s, q)
respectively. Otherwise, if r, s ≥ 2, then the restriction π : X(m, r, s, q) → A 1 of the first projection is a faithfully flat morphism with all fibers isomorphic to the affine plane A 2 over the corresponding residue fields, except for π −1 (0) which is isomorphic to the cylinder D × Spec(k[z]) over the singular plane curve D = {y r + t s = 0}. It then follows for instance from [Kal02] that X(m, r, s, q) is not isomorphic to A 3 . Let us now pass to the proof of Theorem 2 itself. The first assertion is a particular case of [DMJP14, Theorem 4.2] which is stated over the field of complex numbers but whose proof remains valid over any field of characteristic zero. The second assertion follows from a similar argument as in the proof of [DMJP11, Theorem 1.3]. Writing X q = X(m, r, s, q), it is enough to show that X q × A 1 is k-isomorphic to X q(0) × A 1 . Up to a linear change of coordinate on the ambient space, we may assume that q(0) = 1. Then we let f (x) ∈ k[x] be a polynomial such that exp(xf (x)) ≡ q(x) modulo x m , and we choose relatively prime
. Therefore we can find polynomials h 1 , h 2 , h 3 ∈ k[x] such that the matrix
, and a direct computation shows that the latter maps the ideal (x m , y r + t s + xq(x)) onto the one (x m , q(x)(y r + t s + x)) = (x m , y r + t s + x), where the equality follows from the fact that x and q(x) are relatively prime. These ideals coincide respectively with the centers of the affine birational morphisms σ q = pr x,y,t,w : Proof. Since X(m, r, s, q) is stably isomorphic to X(m, r, s), it follows that they are actually isomorphic in the A 1 -homotopy category. By Theorem 1, the latter is contractible and it follows that the former is also contractible.
TECHNICAL RESULTS
3.1. An explicit weak-equivalence. We let X(s) = {x m z = y r + t s + x} ⊂ A 4 , m, r ≥ 2 are fixed, s ≥ 1 and (r, s) = 1, and we let L = {x = y = t = 0} ⊂ X(s). Note that X(1) is isomorphic to
Therefore X(1) \ L is weakly-equivalent to A 2 \ {0} and the following proposition provides in turn by composition a weak-equivalence X(s) \ L ≃ A 2 \ {0} for every s ≥ 2.
Proposition 5. For every s ≥ 2, there exists a smooth quasi-affine fourfold W which is simultaneously the total space of Zariski locally trivial
To derive the existence of W , we observe that
is a faithfully flat morphism restricting to a trivial
On the other hand, the fiber of q over the punctured line
This indicates roughly that q : X(s)\L → A 2 \{0} factors through an étale locally trivial A 1 -bundle ρ : X(s)\L → S over a smooth algebraic space δ : S → A 2 \{0}, obtained from A 2 \ {0} by "replacing C 0 by C 1 ". The precise construction of S given in the proof of Lemma 6 below reveals that the isomorphy class of S depends only on r, in particular it depends neither on m nor on s.
As a consequence, all the quasi-affine threefolds X(s) \ L, s ≥ 1, have the structure of étale locally trivial A 1 -bundles over a same algebraic space S. It follows that for every s ≥ 2, the fiber product
is an algebraic space which is simultaneously the total space of an étale locally trivial A 1 -bundle over X(s) \ L and X(1) \ L via the first and second projections p s : W → X(s) \ L and p 1 : W → X(1) \ L respectively. Since the structure morphism of such a bundle is affine, W is actually a quasi-affine scheme and the local triviality of p s and p 1 in the Zariski topology is an immediate consequence of the fact that the group Aut(
Lemma 6. There exists a smooth algebraic space δ : S → A 2 \ {0} such that for every s ≥ 1, the morphism
Proof. The quasi-affine threefold X(s) \ L is covered by the two principal affine open subsets V x = {x = 0} and
is already a trivial A 1 -bundle as observed above, it is enough to prove the existence of an algebraic space δ t : S t → U t = Spec(k[x, t ±1 ]) such that q | Vt : V t → U t factors through an étale locally trivial A 1 -bundle V t → S t and such that δ t restricts to an isomorphism over U t ∩ U x . The desired algebraic space δ : S → A 2 \ {0} will then be obtained by gluing U x and S t by the identity along the open subsets U x ∩ U t and δ
The algebraic space S t is constructed in the form of a surface with an r-fold curve in the sense of [DF14, § 1.1] as follows. First we let h : C = Spec(R) → C 0 be the Galois closure of the finite étale morphism
, that is, C is the normalization of C 1 in the Galois closure κ of the field extension k(t) ֒→ k(t)[y]/(y r + t s ). The so defined field extension κ is obtained from k(t) by adding an r-th root of t s , hence equivalently of t since r and s are relatively prime, and all r-th roots of −1. In particular, neither κ nor the curves C 1 and C depend on s. By construction, h : C → C 0 is an étale torsor under the Galois group G = Gal(κ/k(t)) which factors as h :
→ C 0 where h 1 : C → C 1 as an étale torsor under a certain subgroup H of G of index r.
The polynomial y r + t s ∈ R[y] splits as y r + t s = g∈G/H (y − λ g ) for some elements λ g ∈ R, g ∈ G/H on which the Galois group G acts transitively by g ′ · λ g = λ (g ′ ) −1 ·g . Furthermore, since h 0 : C 1 → C 0 is étale, it follows that for distinct g, g ′ ∈ G/H, λ g − λ g ′ ∈ R is an invertible regular function on C. This implies in turn that there exists a collection of elements σ g (x) ∈ B = R[x] with respective residue classes λ g ∈ R = B/xB modulo x on which G acts by g ′ · σ g (x) = σ (g ′ ) −1 ·g (x), and a G-invariant polynomial s(x, y) ∈ B[y] such that in B[y] one can write
It follows thatṼ t = V t × Ut Spec(B) is isomorphic to the closed sub-variety of Spec(B[y, z 1 ]) defined by the equation
where z 1 = z − s(x, y). Since for distinct g, g ′ ∈ G/H, λ g − λ g ′ is invertible, the closed sub-scheme {x = 0} ⊂Ṽ t is the disjoint union of r closed sub-schemes D g ∼ = Spec(R[z 1 ]) with respective defining ideals (x, y − σ g (x)) ∈ Γ(Ṽ t , OṼ t ), on which G acts by permutation. The varietyṼ t is covered by the affine open subsetsṼ t,g =Ṽ t \ g ′ ∈(G/H)\{g} D g ′ , g ∈ G/H, and one checks using the above expression for y r + t s + x that the rational map
is an isomorphism of schemes over Spec(B). Altogether, this implies that the faithfully flat morphismq :
factors through a Zariski locally trivial A 1 -bundleρ t :Ṽ t → S over the schemeδ : S → Spec(B) obtained by gluing r copies S g , g ∈ G/H, of Spec(B) ∼ = C × A 1 by the identity along the principal open subsets Spec(
Zariski locally trivial A 1 -bundle with local trivializationsṼ t | S g ∼ = Spec(B[u g ]) and transition isomorphisms
). The action of G oñ V t descends to a fixed point free action on S defined locally by
geometric quotient for the action of G on S exists in the category of algebraic spaces in the form of an étale G-torsor S → S t := S/G and, by construction, we obtain a cartesian squarẽ
where the horizontal morphisms are étale G-torsors. The induced morphism ρ t : V t → S t is thus an étale locally trivial A 1 -bundle. To complete the proof, it remains to observe that by construction, the G-invariant morphism pr 1 •δ : S → Spec(B) ∼ = U t × C0 C → U t descends to a morphism δ t : S t → U t restricting to an isomorphism outside {x = 0} ⊂ U t . Note that on the other hand, δ −1 t ({x = 0}) is isomorphic to the quotient of C × G/H by the diagonal action of G, hence to C/H ∼ = C 1 .
Remark 7. The variety X(s) admits an action of the additive group G a , generated by the locally nilpotent derivation ∂ = x m ∂ y − ry r−1 ∂ z of its coordinate ring. The line L = {x = y = t = 0} ⊂ X(s) is precisely the fixed point locus of this action, and the A 1 -bundle ρ : X(s) \ L → S constructed in Lemma 6 coincides in fact with the geometric quotient X(s) \ L → (X(s) \ L)/G a taken in the category of algebraic spaces. In particular, ρ : X(s)\L → S is an étale G a -torsor for every s ≥ 1, and so are the bundles p s : W → X(s)\L and p 1 : W → X(1) \ L deduced by taking fiber products over S.
The following example illustrates in the particular case of the Russell cubic X = {x 2 z = y 2 − t 3 + x} over an algebraically closed field k an alternative construction of a weak-equivalence X \ L ≃ A 2 \ {0}.
Example 8. As explained above, the morphism q : X \ L → A 2 \ {0} induced by the restriction of the projection pr x,t factors through an étale G a -torsor ρ : X \ L → S over the algebraic space δ : S → A 2 \ {0} obtained by replacing the punctured line C 0 = {x = 0} ⊂ A 2 by its nontrivial étale double cover h 0 :
The restriction to V of the projection pr x,v is a Zariski locally trivial A 1 -bundle V → A 2 \ {0}, providing a weak-equivalence V ≃ A 2 \ {0}. On the other hand, a similar computation as in the proof of Lemma 6 shows that the restriction to V of the projection pr x,t factors through an étale locally trivial A 1 -bundle η : V → S, in fact again an étale G a -torsor corresponding to the geometric quotient of the fixed point free G a -action on V generated by the locally nilpotent derivation ∂ = 2tv∂ u −x 2 ∂ v of its coordinate ring.
The fiber product W = (X \ L) × S V is thus simultaneously the total space of a G a -torsor over X \ L and V via the first and the second projections respectively. Furthermore, since V is affine, pr V : W → V is a trivial G a -torsor over V . One can check that via these isomorphisms, X \ L coincides with the geometric quotient of the fixed point free G a -action on W ∼ = V × Spec(k[w]) generated by the locally nilpotent
3.2. The very weak five lemma. In this section, we prove a variant of the five lemma in the framework of pointed model categories. For these notions, we refer to [Hov99] . Let then C be a pointed model category. For context, recall that given a commutative diagram
where the rows are cofiber sequences, then h is a weak-equivalence provided f and g are. In general, one can not deduce that either f or g is a weak-equivalence provided the other two vertical morphisms are weakequivalences. However, one can prove the following particular case.
Lemma 9 (Very weak five lemma). Let
A u / / f B v / / g C h A ′ u ′ / / B ′ v ′ / / C ′ be a
commutative diagram in a pointed model category C such that the rows are cofiber sequences. Suppose that f and h are weak-equivalences and that B is contractible (i.e. the map to the final object is a weakequivalence). Then g is also a weak-equivalence and B
′ is contractible.
Proof. It suffices to show that [B ′ , X] = * for any object X of C. Applying the functor [_, X] for any object X ∈ C to the above diagram, we get a commutative diagram of long exact sequences (of pointed sets and groups). We conclude that [B ′ , X] = * by a simple diagram chase. (F ) = GW (F ), the Grothendieck-Witt ring of symmetric bilinear forms (as usual, we denote a the class of the symmetric bilinear form (x, y) → axy for a ∈ F × ) and that K MW 1 (L) is generated by symbols [a] with a ∈ F × . Given elements a 1 , . . . , a n ∈ F × , we denote by [a 1 , . . . , a n ] the n-fold product 
. The residue homomorphism allows to define for any n ∈ Z a (Nisnevich) sheaf on the category of smooth k-schemes K MW n . If X is a smooth scheme, this sheaf has an explicit flasque resolution whose term in degree i is of the form
where m x is the maximal ideal in O X,x . 
All the functoriality properties we use derive from this result.
Another useful fact (and indeed their fundamental feature) about Milnor-Witt K-theory sheaves is that they allow to describe the first nontrivial homotopy sheaf of the motivic spheres A n \ {0} for n ≥ 2 ([Mor12, Theorem 6.40]). This allows to understand the endomorphism ring [A n \ {0}, 
is an isomorphism.
3.4. Some computations. The stage being set, we come back to our main purpose: the proof of Theorem 1. As explained in Section 2, we have a commutative diagram of cofiber sequences
Now L = A 1 , and we have a weak-equivalence X/(X \L) ≃ L + ∧(P 1 ) ∧2 by homotopy purity ([MV99, §3.2, Theorem 2.23]). Moreover, the morphism
∧2 is the morphism induced by the inclusion {0} ⊂ A 1 = L. It follows that the right-hand vertical morphism in the above diagram is a weak-equivalence. In view of the very weak five lemma, we are therefore reduced to prove that i : A 2 \ {0} → X \ L is a weakequivalence. We know from Section 3.1 that there is an explicit weak-equivalence g : X \ L → A 2 \ {0} and consequently
(k) · µ for some generator µ, say µ = g * (ξ). In view of Lemma 10, we are reduced to prove that
is an isomorphism to conclude. To view this, consider the commutative diagram
associated to Diagram (3.1). The last two terms in the bottom row are trivial, and the last term in the top row is also trivial by [AF14, Lemma 4.5]. Moreover, ∂ ′ is an isomorphism and it follows that the left-hand i * is an isomorphism if and only if ∂ is an isomorphism. Since the two left-hand groups in the top row are free K MW 0 (k)-modules of rank one and ∂ is K MW 0 -linear, we reduced the proof of Theorem 1 to the following assertion.
Proposition 11. The connecting homomorphism
) is surjective.
Lazy proof. As the first row in the above diagram is exact, it is sufficient to prove that H 2 (X, K MW 2 ) = 0. Now, it follows from the projective bundle theorem in [Fas13] that
for any i, n ∈ N and any j ∈ Z. Moreover, we get a split cofiber sequence ) is explicitly given by the class of the cocycle Thus d( −x [t] ⊗ x m−1 z − 1) = r ǫ ⊗ t ∧ y. As (r, s) = 1, we may suppose (switching r and s if necessary) that there exists g, h ∈ N such that gr − hs = 1. For any integers p, q, we have p ǫ q ǫ = (pq) ǫ and it follows that g ǫ r ǫ − h ǫ s ǫ = ±1 (more precisely, it is 1 if gr is odd and −1 otherwise). ) under the boundary map ∂ :
).
